Certain scalar fields with higher derivative interactions and novel classical and quantum mechanical properties -the Galileons -can be naturally covariantized by coupling to nonlinear massive gravity in such a way that their symmetries and number of degrees of freedom are unchanged. We study the propagating degrees of freedom in these models around cosmologically interesting backgrounds. We identify the conditions necessary for such a theory to remain ghost free, and consider when tachyonic instabilities can be avoided. We show that on the self-accelerating branch of solutions, the kinetic terms for the vector and scalar modes of the massive graviton vanish, as in the case of pure massive gravity.
I. INTRODUCTION
Over the past decade, attempts to find a consistent infrared modification of gravity have led to two seemingly distinct discoveries. The first is a consistent, ghost free nonlinear realization of massive gravity, known as dRGT massive gravity [1, 2] (see [3] for a review). The second is a class of intriguing scalar field theories -the Galileons [4] (see [5] for a review) -with novel classical and quantum properties that can be traced to their nonlinear derivative interactions. There is at least one connection between these ideas, in that the Galileon interactions govern the longitudinal degree of freedom of a ghost-free massive graviton in the decoupling limit [1] . Furthermore, if one is to consider covariantizing Galileons, while preserving second order equations of motion and the special symmetries of those theories, then it is natural to couple not to General Relativity (GR) as in [6, 7] (which breaks the Galileon symmetry), but rather to massive gravity itself [16] .
Besides the natural question of how best to covariantize the Galileons, there are other reasons for considering the theory of massive gravity Galileons. The reason that theories of massive gravity provide an opportunity to address the problem of late-time cosmic acceleration without a cosmological constant is that they often admit self-accelerating vacuum solutions. In addition, a light graviton mass is technically natural, in contrast to a cosmological constant which receives large radiative corrections. However, although the dRGT theory possesses a self-accelerating solution with negatively curved spatial slices [17] , the study of fluctuations on top of this background has shown that the kinetic terms for the vector and scalar perturbations vanish [18] . The vanishing of these terms can be remedied by departing from isotropic and homogeneous cosmologies [19, 20] or by introducing new degrees of freedom. There are many ways to achieve the latter option, and several possibilities have been explored in the so-called quasi-dilaton [21] [22] [23] [24] and mass-varying extensions of dRGT [23, 25, 26] . (See [27] for a review of these aspects of cosmological solutions in various versions of massive gravity.)
In this paper we perform a study of cosmological perturbations for the natural extension of dRGT introduced in [16] -massive gravity Galileons -in which Dirac-Born-Infeld (DBI) scalars couple to the massive graviton in such a way that the scalars possess generalized Galileon shift symmetries [16] . This theory has been shown to be ghost free in the decoupling limit [16] and in full generality using the vielbein formalism [28] (see also [29] ), and admits a self-accelerating branch that is a generalization of that discovered for massive gravity itself [30] . We study fluctuations around the self-accelerating branch and show that the kinetic terms for the scalar and vector modes vanish, just as they do in pure dRGT theory.
II. MASSIVE GRAVITY-GALILEON THEORY
The construction of massive gravity coupled to Galileons is carried out using an extension of the probe brane approach [8] [9] [10] [11] [12] [13] for constructing general Galileon models and the bi-metric approach for constructing the dRGT nonlinear massive gravity theory [14, 15] . We introduce a physical metric g µν and a second, induced metricḡ µν which is the pull-back through a dynamical embedding φ A (x) into a five-dimensional Minkowski space with metric
The action contains three kinds of terms:
The first part S EH [g] is the Einstein-Hilbert action for g µν
The second part is the action mixing the two metrics,
where
and where the brackets are traces of powers of the matrix
The final part is the DBI Galileon action S Galileon [ḡ] consisting of the Lovelock invariants constructed fromḡ, and their boundary terms (see [8, 11, 31] and Sec. IV.B of [10] ; we use normalizations consistent with [11, 31] ),
whereK µν is the extrinsic curvature of the brane embedding φ A (x) into the flat five-dimensional Minkowski space and indices are raised withḡ µν (since the bulk is flat, we may use Gauss-Codazzi to eliminate all intrinsic curvatures in favor of extrinsic curvatures). Note that we have set the cosmological constant and a possible tadpole term in S Galileon to zero. This ensures the existence of a flat space solution with constant π. Restoring these terms does not change our essential conclusion.
III. BACKGROUND COSMOLOGY AND SELF ACCELERATING SOLUTIONS
For our purposes, we take a Friedmann-Robertson-Walker (FRW) ansatz for the physical metric
where κ < 0 is the spatial curvature. As shown in [30] , this model does not admit non-trivial cosmological solutions for a flat FRW ansatz with a homogeneous fiducial metric, just as pure dRGT massive gravity does not [25] , and there are no solutions for κ > 0 since the fiducial Minkowski metric cannot be foliated by closed slices. (There are, however, known solutions to pure dRGT massive gravity with FRW physical metric and and inhomogeneous Stückelberg sector [25, 32] , that is, solutions where the physical metric is FRW but the fiducial metric is not also FRW in the same coordinates.)
The embedding (the Stückelbergs) are chosen so that the fiducial metric has the symmetries of an open FRW spacetime [17] ,
where f (t) plays the role of a Stückelberg field which restores time reparametrization invariance. The induced metric then takes the formḡ
Note that we can obtain the extended massive gravity mass terms from the dRGT mass terms by replacingḡ µν with g µν + ∂ µ π∂ ν π. This ansatz leads to the mini-superspace action
Varying with respect to N , we obtain the Friedmann equation,
The equations obtained by varying the action with respect to f and π, respectively, are
where we have defined the quantity
The acceleration equation obtained by varying with respect to a is redundant, due to the time reparametrization invariance of the action. In contrast to GR, these equations enforce a constraint: the combinationḟ
the analogue of which for pure massive gravity is responsible for the well-known absence of flat FRW solutions in that theory. There exist two branches of solutions depending on whether the constraint equation is solved by setting ∂G ∂a = 0 or instead by settingȧ ḟ 2 −π 2 − √ −κNḟ = 0. In this work we shall focus on the former choice, since this corresponds to de Sitter space -the self-accelerating branch of the theory [30] , in which the metric takes the same form as the self-accelerating solution of the original massive gravity theory. Defining
we find an algebraic equation for f that can be written in the form J φ = 0, where
The solutions read
These are the same self-accelerated solutions that were found in pure massive gravity [17] . The solution for the extra Galileon field π can then be determined by solving (15) .
IV. PERTURBATIONS
We now turn to the primary issue addressed in this paper -the behavior of perturbations around this background cosmological solution. To obtain the quadratic action for perturbations, we work in unitary gauge for the Stückelberg fields φ 0 and φ i and expand the metric and π fields to second order in fluctuations around the background. We write the metric as g µν = g
µν + δg µν , with
Here, Φ, B i and h ij are the small perturbations, N and a are the background lapse and scale factor, and we henceforth raise and lower latin indices with respect to Ω ij . The vector perturbation B i can be decomposed into transverse and longitudinal components via
where 
where △ ≡ D i D i , and the transverse traceless conditions read
We denote the remaining dynamical scalar field -the Galileon perturbation -by τ , via
A. Preliminaries
Before writing the full quadratic actions for the various perturbations, we first write some intermediate expressions obtained from the expansions of the mass terms (4). This will serve to highlight the manner in which the kinetic terms vanish, and illustrate the similarities with pure dRGT.
For convenience, we introduce the quantities
and we will continue to use J φ to denote the quantity (19) which vanishes on the equations of motion. Expanding the mass term to linear order in the fluctuations yields
where we have defined
When the background equation of motion for the Stückelberg fields are satisfied, the terms linear in the metric match the corresponding terms of pure massive gravity. This suggests that we follow the massive gravity analysis of [18] and defineS
Expanding to second order in perturbations we have,
where we have defined a quantity which will turn out to be the graviton mass term:
Here we have not imposed any equations of motion on the background. We note that all of the terms in (33) which depend upon Φ or B i are proportional to J φ , and therefore vanish on the de Sitter self-accelerating branch, on which J φ = 0. As we will see, this implies the vanishing of the graviton scalar and vector kinetic terms on this background.
B. Tensor perturbations
We now write the full second order action obtained from expanding (2) and decomposing the perturbations according to (21) and (22), (23) .
The tensor perturbations take the same form as in pure massive gravity, but with a different time-dependent mass term,
where M 2 GW , in terms of the definitions (26), (18) made above, takes the following value on the de Sitter selfaccelerating branch,
As in pure massive gravity, the tensor perturbation maintains the correct sign for both the kinetic and gradient terms. However, the new mass term implies a more complicated region of parameter space in which the tensors are non-tachyonic, M 2 GW > 0 (the sign of the mass term is given by the sign of ±(rs − 1)). Note, however, that even if this term is negative, so that we have a tachyonic instability, then barring any fine tuning such instabilities are of order the Hubble scale if we have chosen m ∼ H to ensure late time acceleration of the correct magnitude. This agrees qualitatively with the result found in pure massive gravity.
C. Vector perturbations
Since the vector field B T i obtained from δg 0i does not appear in the Lagrangian with any time derivatives, it can be eliminated as an auxiliary field. Leaving the background fields arbitrary for the moment, we find the solution
This matches the result of pure dRGT theory
T i when the Stückelberg equation of motion for the de Sitter self-accelerating branch is imposed, J φ = 0. It is instructive, however, to leave the backgrounds arbitrary so that we can explicitly see the kinetic term vanish. Substituting the general expression for the non-dynamical vector we obtain
The vanishing of the vector kinetic terms is now obvious on the de Sitter self-accelerating branch where J φ = 0. The vector Lagrangian has the same form as pure dRGT theory, only with a different time-dependent mass,
D. Scalar perturbations
The analysis of the scalar perturbations simplifies considerably on the de Sitter self-accelerating branch since all the terms mixing scalar degrees of freedom from the graviton with the fluctuation of the Galileon vanish when J φ = 0, as can be seen from the expression (33) . The scalars Φ and B coming from perturbations of δg 00 and δg 0i appear without time derivatives and we may eliminate them as auxiliary fields. We obtain (this time imposing the self-accelerating background equation of motion J φ = 0)
which are the same as in pure dRGT theory. The calculation of the graviton scalar quadratic action mirrors the dRGT case and we find that the kinetic terms vanish and the action once again has the same form as pure dRGT, only with a modified time-dependent mass,
We now turn to the expansion of the Galileon action (5), using (25) . We start by expanding the lowest Galileon, the DBI term (the one proportional to a 2 in (5)) to quadratic order in τ . We obtain
, where
From L
DBI we see that the effect of including the DBI Lagrangian is to shift Y → Y + (a 2 Λ 4 /m 2 M 2 P )X 4 in the quadratic action (33) . Note that on the de Sitter self-accelerating branch, where J φ = 0, this is equivalent to shifting the brane tension by
We therefore see that on the self-accelerating de Sitter branch, the Galileon has the correct-sign kinetic term provided
It is clear that this constraint can always be satisfied by choosing a 2 Λ 4 appropriately large. Note that the background Stückelberg and Galileon fields do not lead to any simplification for the DBI quadratic action. The higher Galileon terms in (5) can be similarly expanded to quadratic order. After imposing the background equation for the Stueckelberg/Galileon and its time derivatives, we obtain
The conditions for stability can now be read off by requiring that these kinetic terms have the correct sign.
V. CONCLUSIONS
We have examined the nature of cosmological perturbations around the self-accelerating branch of the massive gravity Galileon theory of [16] , in which the Galileon fields couple covariantly to massive gravity while simultaneously retaining both their symmetry properties and their second order equations of motion. This construction provides a more general framework within which we may ask self-consistent questions about the implications of both massive gravity and Galileon models. Such an approach is important both for the wider goal of understanding the general implications of modified gravity models, and also for probing the extent to which particular features of massive gravity are peculiar to the specific restrictive structure of that theory.
One of the more striking results of dRGT massive gravity is that the kinetic terms for both vector and scalar perturbations vanish around the phenomenologically interesting self-accelerating branch of the theory. The main result of our analysis is that the vanishing of these kinetic terms is preserved around the analogous de Sitter branch in the more general class of theories, suggesting that this is a generic result tied to the existence of self-accelerating homogeneous solutions in theories with this general structure. This is partly upheld by ghost-free bimetric gravity, for which there are two branches of FRW solutions: one for which the ratio of Hubble constants for the two metrics is constant, and one for which it is non-constant. The first branch is the analogue of the solution studied here, and exhibits the same vanishing of kinetic terms for one vector and one scalar degree of freedom; on the second branch, however, all 7 degrees of freedom are dynamical [34] . Furthermore, we have verified that the tensor perturbations are ghost-free, and that while the details of the analysis of their mass terms differs from that in pure massive gravity, any tachyonic modes are similarly unstable on Hubble timescales.
An obvious extension of this work is to study the behavior of the same perturbations around the other branch of cosmological solutions identified in [30] (this work is underway). One may also wish to search for the equivalent to the pure dRGT massive gravity solutions which display flat, approximately FRW cosmological solutions at the cost of an inhomogeneous Stückelberg sector as in [25, 32] , about which the kinetic terms for scalar perturbations no longer vanish [33, 35] . It will also be interesting to ask whether the fluctuations of the Galileon around these accelerating solutions can be kept subluminal, in contrast to the situation around flat space [31] .
